1980

ATAA JOURNAL

VOL. 2, NO. 11

Particle Drag and Heat Transfer
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An empirical expression for the drag coefficient of a spherical particle in flow regimes such

as occur in solid propellant rocket exhausts is presented.

In these flows, typical particle

Mach numbers will be below 2, and particle Reynolds numbers will range from less than
10! to greater than 100. Also, available heat-transfer relationships are applied to the gas-

particle nozzle flow case.
and temperatures are shown.

The effecls of these relationships on computed particle velocities
In the cases considered, inertial and compressibility effects

dominate for large particles and high chamber pressures, causing the thermal and velocity

lags to be less than those predicted under a Stokes flow assumption.

However, for small

particles and low chamber pressures, rarefaction effects dominate, and the Stokes flow as-
sumption leads to low estimates of particle lag.

IT has been pointed out previously® 2 that the simple Stokes
drag law and constant Nusselt number approximations
have only limited applicability to the conditions associated
with gas-particle rocket nozzle flows. The flow regimes
encountered by the micron-sized particles in these flows are
such that appropriate corrections must be made to account
for inertial, compressibility, and rarefaction effects.

The purpose of this paper is to consolidate some of the
available theoretical and experimental data for applicable
drag and heat-transfer coefficients in order to provide em-
pirical relationships useful for a wide range of rocket nozzle
conditions. In addition, some results are presented to show
the effect of these corrections on typical calculations of par-
ticle velocities and temperatures in rocket nozales.

Computer calculations] of the flow regimes (as defined by
Tsien® 5) encountered by condensed-phase particles (rang-
ing in diameter from 1 to 10 y) in the nozzle of a small (1000-
b thrust) rocket motor operating at 400 psia are shown in
Fig. 1. The Mach and Reynolds numbers are based on the
. relative velocities (vectorial) between the gas and the par-
ticle. The particles can be seen to follow a ‘‘corridor”
through the slip and transition flow regions. The envelope
of the corridor extends to Reynolds numbers greater than
100 and Mach numbers greater than 1, and thus, predic-
tions of lag phenomena based on the Stokes drag law, re-
stricted to continuum, incompressible flow and Reynolds
numbers below about 1, may be in some error.

Available formulations for sphere-drag coeflicients gen-
erally cover only a part of the flow regions encountered by
particles in rocket exhaust nozzles. These formulations
frequently take the form of a correction to Stokes drag law
valid in either the continuum or free-molecule limit. With
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1 These calculations were performed using two-dimensional
uncoupled gas-particle flow equations, i.e., dissipation, heat
transfer, and body force effects are assumed unimportant in the
calculation of the gas flow field. This program will be described
in more detail elsewhere.?

the motive of producing an expression for the sphere-drag
coeflicient, which is usable throughout the entire flow region,
available expressions correcting Stokes drag law in both
limits, continuum and free molecule, will be combined into
a single expression. This procedure is not based upon any
analytical considerations, but is merely a convenience useful
for practical application.

Millikan® obtained a rarefaction correction to the Stokes
drag law, which expresses the force F acting on a sphere of
radius » immersed in a viscous fluid moving with relative
velocity v(F = 6wxurv). With this correction, the drag co-
efficient Cp is given by the formula

_uf 1 ]
" Rel 1 + (\r)(A + Be= €Y

Here, A, B, and C are constants, A is the gas mean free path,
and Re is the particle Reynolds number, given by Re
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Fig. 1 Flow regimes encountered by particles in a rocket
nozzle.
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2 vrp/u where p is the freestream density. Millikan included
the constants B and € to account for the fact that the drag
force is not linearly dependent upon Knudsen number as
the flow regime varies between Stokes flow and free-molecule
flow. From his oil drop experiments, Millikan obtained the
values of 0.864, 0.290, and 1.25 for the constants 4, B, and
C, respectively. By definition, A/r is equal to twice the
Knudsen number Kn, whereas from kinetic theory, the
Knudsen number can be shown to be a function of the ratio
of the Mach and Reynolds numbers:

Kn ~ M/Re @
Therefore, Eq. (1) may be re-written as

24 1
CD = R; [1 + (AM/RG)(A, + B/e—CRe/.M)] (3)

Equation (3) will be used as the basis of an empirical formula-
tion correcting the drag coefficient for rarefaction effects.
The quantities 4’ and B’ are empirical constants determined
by normalizing to free-molecular flow results of Stalder and
Zurick”; the quantity C, representing the rate of change of
drag force with Knudsen number, is left unchanged at the
value of 1.25 as obtained by Millikan.§ The values of A4’
and B’ are not kept equal to Millikan’s values because first,
Eq. (2) is not exact, the proportionality constants not being
included, and second, the results of Stalder and Zurick and
Millikan do not agree exactly, and we choose here to nor-
malize by fitting to results of Stalder and Zurick while re-
taining the analytic form of Eq. (1).

The normalization in the free~molecule limit is done at
M = 0.5 (arbitrarily selected in the center of the Mach num-
ber range of interest) where Stalder and Zurick’s value of
Cp for diffuse reflectance is 9.4. Assuming that the major
deviation of 4’ and B’ from 4 and B is due to the constants
not included in Eq. (2), the ratio 4'/B’ is set equal to 4/B.
These two conditions yield A’ = 3.82 and B’ = 1.28, and
Eqg. (3) becomes

24 1
Cor = e [1 + (M/Re)(3.82 + 1.28¢ 1% Re/M)] @

where the subscript r indicates that this Stokes law correction
accounts for rarefaction effects.

Stokes law has been corrected for inertial effects by Torobin
and Gauvin? among others. Their empirical correction is

Cp; = 24/Re[l + 0.15 Re®®7] (5)

Here, the subseript ¢ indicates an inertial correction to the
Stokes value. A Stokes law sphere-drag coefficient cor-
rection that accounts for both inertial and rarefaction effects
may be obtained by combining the two bracketed terms on
the right-hand sides of Egs. (4) and (5). However, Fig. 1
shows that M for larger particles approaches or exceeds
unity, and a correction for compressibility effects also should
be included. Hoerner® presents a plot of the work of several
previous investigators showing the effect of Mach number
on the drag coefficient of spheres in the continuum flow re-
gimes (for less than critical Reynolds numbers). An em-
pirical fit to this curve yields

Cp = 0.5 4 0.5 ¢ —0:427/M*5 ©

The constant 0.5 in Eq. (8) is only representative of the limit-
ing value of Cp at Reynolds numbers greater than about
1000. We will assume that compressibility effects may exist
to some degree at Reynolds numbers lower than this value

§ It might be more logical to use a new constant C’ = €/2.52 X
(v)¥? which would have retained the identical exponential de-
pendence. This correction was not made, however, as the calcu-
lated values of Cp in the range of interest would be affected only
slightly, the maximum difference being 9% (v is the ratio of
specific heats).
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Fig. 2 Values of Cp computed from Eq. (9).

provided the Mach aumber is sufficiently large. Therefore,
the value of 0.5 in Eq. (6) is replaced with the expression
for Cp; as expressed by Eq. (5). Furthermore, compressi-
bility effects become negligible with increasing rarefaction
regardless of Mach number, and a two-parameter exponen-
tial function of Reynolds number is postulated in order to
remove the compressibility correction as mean free path
increases. Hquation (6) becomes

O.Di,,; = OD,L' + ODiG —0.427/ M08 eaReb (7)

where the subseript 7,¢ indicates that C'p has been modified
for both inertial and compressibility effects. To determine
values of @ and b, it is specified that the compressibility cor-
rection be 0.95 of its full value on the continuum side of the
transition (at Re = 100) flow regime and 0.05 of its full value
on the free-molecule side (at Re = 1); thene = —3and b =
—0.88. Equations (5) and (7) then yield

Cpio = (24/Re) [1+ 0.15 Re™¥1][1 4 ¢ = (/M%) — 3/Reri)]
®)

In order to include rarefaction effects, the Stokes drag
coefficient, 24/Re, in Eq. (8) is replaced with Cp,. Equation
(8) combined with Eq. (4) yields an expression for the sphere-
drag coefficient that includes rarefaction, compressibility,
and inertial effects:

Co

24 [ (1 +0.15 Re*7)(1 + ¢ (0.427/M4-63)—(3,0/Rco.ss))
" Re [ 1 + (M/Re)(3.82 + 1.28 ¢ — 125 Re/M) ]

9)

This expression is inserted into the computer programs to
compute a shifting K p, where

Kp = OD/ODStokes (10)

A plot of Cp, calculated from Eq. (9) vs Reynolds number,
is shown in Fig. 2. The free-molecular asymptotic limits
agree closely with the results of Stalder and Zurick at low
Mach numbers. The deviation reaches 359, at Mach 2.
The form of Eq. (9) causes the continuum values to be ap-
proached as the Reynolds number increases.

Comparison of Eq. (9) with experimental datal®—!® at
M =~ 2isshown in Fig. 3. These data, apart from Millikan’s
oil drop experiments, apparently are the lowest Mach num-
ber results available at low Reynolds numbers. Although
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Fig.3 Cp as a function of Reynolds number; comparison
of Eq. (9) with experimental values and Stokes law.

Eq. (9) differs from the experiments by as much as 509, the
functional form of the corrections is such that a better fit
cannot be obtained while retaining adequate correlation at
the free-molecule limit. Better agreement would be ex-
pected at the lower Mach numbers of interest in gas-particle
nozzle flows.

Millikan’s formuls applied at M = 2 by using the kinetic
theory relationship between Knudsen, Mach, and Reynolds
numbers is also shown in Fig. 3. It must be remembered,
however, that Millikan’s experiments were at very low Mach
numbers, and application to M = 2 ignores compressibility
effects. The type of data correlation presented by Sherman?
for subsonic Mach numbers gives essentially the same result
as Millikan’s if it is extended to this range of Mach and
Reynolds numbers. If it were available, experimental in-
formation at subsonic Mach numbers would give a better test
of Eq. (9).
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Fig. 4 Values of Nu computed from Egs. (11) and (12).
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An empirical expression for the heat-transfer correction
due to inertial and rarefaction effects was obtained by com-
bining the continuum expression used by Drake,®

Nu, = 2 + 0.459 Re0-55Pr0-33 (11)
with the transition region expression of Kavanau and Drake,!

Nu,

Nu = I 3430 /RePr) N,

(12)

In these equations, Nu. is the continuum Nusselt number and
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Fig. 6b Gas-particle velocity profiles, 10-u-diam particles.

Pris the Prandtl number. Letting Pr = 1, and defining
Ky = Nu/2, one obtains
1 l: 2 + 0.459 Re0-5

Kn = o | T4 52000 /Re) 2 T 0450 Re"~55)] 13

Kavanau’s correction asymptotically approaches the free-
molecule values predicted by Sauer.”” A plot of Nu vs Re is
shown in Fig. 4.

Numerical calculations have been made for both Kp and
Ky equal to one (Stokes flow assumption) and for K, and
Ky specified on a shifting basis by Egs. (9-11). Typical
values of Kp and Ky computed for 2- and 10-g-diam par-
ticles flowing through a nozzle are shown for different chamber
pressures p. in Fig. 5. Early in the trajectories, when the
gas density is high and particle Mach number is low, inertial
effects are appreciable and K, and Ky rise above unity for
for all but the smaller particles at the low chamber pressure.

Fig. 7a Gas-particle temperature profiles, 2-u-diam
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Fig. 7b Gas-particle temperature profiles, 10-p-diam
particles.

As the gas density drops and lag develops, rarefaction effects
become increasingly important and Kp and Ky decrease.
These figures show that, for the cases considered, inertial and
compressibility effects dominate for larger particles and
bigher chamber pressures, causing the thermal and velocity
lag to be less than that predicted using the Stokes flow as-
sumption. However, for smaller particles and lower pres-
sures, rarefaction effects dominate and the Stokes flow as-
sumptions lead to low estimates of the particle lag. Some
actual temperature and velocity profiles are shown in Figs.
6and7.

Other calculations made for larger nozzles indicate that,
at a given area ratio, Kp and Ky are of the same order of
magnitude as for this small nozzle. That is, Kp and Ky
are not strong functions of nozzle size. This is because of the
importance of the Knudsen number in these flow regimes;
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although velocity lags increase as nozzle size decreases, the
quantity M /Re remains primarily a function of area ratio.
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